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Let xnn1, x1  1,xn  1  3!!  3 5!! . . .  n 2n  1!! .

Find:

L : lim
n

n  12

n1 xn1
 n2

n xn
Solution by Arkady Alt , San Jose ,California, USA.
First we will find two limits which we will need further, namely:

a) lim
n

n 2n  1!!
n ;

b) lim
n

n xn
n

To find them we will use the special case of multiplicative version of
Cesaro’s Theorem (or, Geometric Mean Limit Theorem (GML Theorem)).
Theorem*:
Let ann1 be sequence of positive real numbers such that lim

n
an1
an

 a.

Then lim
n

n an  a.

a) Let an :
2n  1!!

nn ,n  . Since lim
n

an1
an

 lim
n

2n  1!!

n  1n1
 nn

2n  1!!


lim
n

2n  1
n  1

 1
1  1

n
n  2

e then by GML Theorem

lim
n

n 2n  1!!
n  lim

n
n an  2

e ;

b) Let an : xn
nn . ,n  . Since lim

n
an1
an

 lim
n

xn1
n  1n1

 nn

xn 

lim
n

n1 2n  1!!

n  1
 1

1  1
n

n  2
e  1

e  2
e2 then by GML Theorem

lim
n

n xn
n  lim

n
n an  2

e2 .

Now we ready to find L.

Since lim
n

n
n xn

 e2

2
then L  lim

n
n2

n xn
n  12

n2 
n xn

n1 xn1
 1 

e2

2
lim
n

nen  1, where n : ln
n  12

n2 
n xn

n1 xn1
,n  .

Noting that lim
n

n  0 (because lim
n

n  12

n2 
n xn

n1 xn1




lim
n

n xn
n

n1 xn1
n  1

 lim
n

n  1
n  1) and, therefore, lim

n
en  1
n

we obtain

L  e2

2
lim
n

nen  1  e2

2
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n

nn  en  1
n

 e2

2
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nn 

e2

2
ln lim

n
n  12
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n

.

Since
n  12

n2 
n xn

n1 xn1

n


n  12n

n2n  xn
xn1  n1 xn1 

1  1
n

2n


n1 xn1

n1 2n  1!!
 1  1

n
2n


n1 xn1
n  1

 n  1
n1 2n  1!!

then lim
n

n  12

n2 
n xn

n1 xn1

n

 e2  2
e2  e

2
 e.

Thus, L  e2

2
lne  e2

2
.

* GML Theorem.(Multiplicative version of Cesaro’s Theorem)
Let bnn1 be sequence of positive real numbers such that lim

n
bn  b.

Then lim
n

n b1b2. . .bn  b.

Applying this theorem to bn 
an
an1

,n  2 and b1  a1 we obtain that

lim
n

an1
an

 a implies lim
n

n an  a.
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